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A revolution in condensed 
matter started in 1980…
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The 

Integer Quantum Hall 

effect

2 K. von Klitzing Séminaire Poincaré

strong magnetic field was an established method to get more information about microscopic de-
tails of the semiconductor. A review article published in 1982 by T. Ando, A. Fowler, and F. Stern
about the electronic properties of two-dimensional systems summarizes nicely the knowledge in
this field at the time of the discovery of the QHE [1].

Figure 2: Hall resistance and longitudinal resistance (at zero magnetic field and at B = 19.8 Tesla)
of a silicon MOSFET at liquid helium temperature as a function of the gate voltage. The quantized
Hall plateau for filling factor 4 is enlarged.

Since 1966 it was known, that electrons, accumulated at the surface of a silicon single crystal by
a positive voltage at the gate (= metal plate parallel to the surface), form a two-dimensional electron
gas [2]. The energy of the electrons for a motion perpendicular to the surface is quantized (“particle
in a box”) and even the free motion of the electrons in the plane of the two-dimensional system
becomes quantized (Landau quantization), if a strong magnetic field is applied perpendicular to
the plane. In the ideal case, the energy spectrum of a 2DEG in strong magnetic fields consists
of discrete energy levels (normally broadened due to impurities) with energy gaps between these
levels. The quantum Hall effect is observed, if the Fermi energy is located in the gap of the electronic
spectrum and if the temperature is so low, that excitations across the gap are not possible.

The experimental curve, which led to the discovery of the QHE, is shown in Fig. 2. The
blue curve is the electrical resistance of the silicon field effect transistor as a function of the
gate voltage. Since the electron concentration increases linearly with increasing gate voltage, the
electrical resistance becomes monotonically smaller. Also the Hall voltage (if a constant magnetic
field of e.g. 19.8 Tesla is applied) decreases with increasing gate voltage, since the Hall voltage
is basically inversely proportional to the electron concentration. The black curve shows the Hall
resistance, which is the ratio of the Hall voltage divided by the current through the sample. Nice
plateaus in the Hall resistance (identical with the transverse resistivity ρxy) are observed at gate
voltages, where the electrical resistance (which is proportional to the longitudinal resistivity ρxx)
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from Kubo formula to Chern number

the same form as Berry curvature (1984).
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n(k) is the wave function at momentum 
k in the Brillouin zone.
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Can be recast into a topological 
invariant (Chern number):

Avron, Seiler, Simon (1983)

Thouless, Kohmoto, Nightingale, den Nijs (1982)
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Topological invariants — geometry

g is the number of handles 

(e.g. torus g=1, pretzel g=3)

total curvature = Euler characteristic

Gauss-Bonnet formula for closed surfaces provides a link between 

local geometric properties (local curvature K) 


and 

global topological properties.
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Topological invariants — Quantum mechanics 

Berry curvature, n(k) is 
the nth wave function with 
momentum k in the 2D 
Brillouin zone.
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The Chern number is a topological 
invariant. It takes integer values 
only.
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Philosophy

Band structures may host nontrivial 
topological invariants with 

consequences for observable properties

7

noninteracting

• electrons

• magnons

• light in photonic crystals

• …
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Magnon Chern Insulator

Unidirectional magnon modes living at edge of 2D magnets 
protected by topological index

Edge state group velocity

Magnets should have significant spin-orbit coupling and have more than one mode
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Katsura, Nagaosa & Lee,. PRL 104, 066403 (2010).
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In contrast to electronic cousins:

• Magnon edge states are gapped 

• No quantized response except under exceptional 
circumstances 

• Response thermally activated

• Thermal magnon Hall response (Transverse thermal conductivity: 

Temperature gradient and magnetic field) 

• Spin Nernst effect (Transverse spin current: Temperature gradient in 
antiferromagnets 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The crystal structure of Lu2V2O7 and the magnon Hall 
effect. (A) The V sublattice of Lu2V2O7, which is 
composed of corner-sharing tetrahedra. (B) The direction 
of the Dzyaloshinskii-Moriya vector on each bond of the 
tetrahedron. The Dzyaloshinskii-Moriya interaction acts 
between the i and j sites. (C) The magnon Hall effect. A 
wave packet of magnon (a quantum of spin precession) 
moving from the hot to the cold side is deflected by the 
Dzyaloshinskii-Moriya interaction playing the role of a 
vector potential.

Magnetic field variation of the thermal 
Hall conductivity of Lu2V2O7 at various 
temperatures. The magnetic field is 
applied along the [100] direction. The 
solid lines are guides to the eye.

Observation of the Magnon Hall Effect
Y. Onose,1,2* T. Ideue,1 H. Katsura,3 Y. Shiomi,1,4 N. Nagaosa,1,4 Y. Tokura1,2,4

The Hall effect usually occurs in conductors when the Lorentz force acts on a charge current
in the presence of a perpendicular magnetic field. Neutral quasi-particles such as phonons and
spins can, however, carry heat current and potentially exhibit the thermal Hall effect without
resorting to the Lorentz force. We report experimental evidence for the anomalous thermal
Hall effect caused by spin excitations (magnons) in an insulating ferromagnet with a pyrochlore
lattice structure. Our theoretical analysis indicates that the propagation of the spin waves is
influenced by the Dzyaloshinskii-Moriya spin-orbit interaction, which plays the role of the vector
potential, much as in the intrinsic anomalous Hall effect in metallic ferromagnets.

Electronics based on the spin degree of free-
dom (spintronics) may lead to develop-
ments beyond silicon-based technologies

(1); spintronics avoids the dissipation from Joule
heating by replacing charge currents with currents
of themagneticmoment (spin currents). Phenomena
such as the spin Hall effect (generation of a trans-
verse spin current by a longitudinal electric field) in
metals and semiconductors have therefore recently
attracted much attention (2). However, some dis-
sipation is still inevitable because the spin current in
these conducting materials is carried by electronic
carriers. In this sense, achieving spin transport in
insulating magnets may be more promising.

In magnetic insulators, the spin moments are
carried by magnons, which are quanta of mag-
netic excitations. A fundamental question for the
magnon spin current is whether it exhibits the Hall
effect, which is usually driven by the Lorentz
force; therefore, charge-free particles (such as pho-
tons, phonons, and magnons) may be expected not
to lead to it. However, in ferromagnets the Hall
effect proportional to the magnetization—termed
the anomalous Hall effect—can be driven by the
relativistic spin-orbit interaction and does not
require the Lorentz force (3). Moreover, the Hall
effect of photons (4–6) and that of phonons (7–9)
have been already predicted and experimentally
observed. However, the Hall effect of magnons,
which is relevant to spin-current electronics, has
presented an experimental challenge.

We report the magnetic and thermal-transport
properties of an insulating collinear ferromagnet
Lu2V2O7 with a pyrochlore structure. Figure 1A
shows the vanadium sublattice in Lu2V2O7, which
is composed of corner-sharing tetrahedra. This
structure can be viewed as a stacking of alternat-

ing Kagomé and triangular lattices along the [111]
direction. Spin-polarized neutron diffraction sug-
gests that the orbitals of the d electron are ordered
so that they all point to the center of mass of theV
tetrahedron (10); calculations have shown that a
virtual hopping process to the high-energy state
stabilizes the ferromagnetic order of the V spin in
this orbital-ordered state (10). In the pyrochlore
structure, because the midpoint between any two
apices of a tetrahedron is not an inversion sym-
metry center, there is a nonzero Dzyaloshinskii-
Moriya (DM) interaction

HDM ¼ ∑
〈ij〉
D
→

i j : ðS
→
i # S

→
jÞ

whereD
→

ij andS
→
i are, respectively, the DMvector

between the i and j sites and theV spinmoment at
site i. As shown in Fig. 1B, the DM vector D

→
ij is

perpendicular to the vanadium bond and parallel to
the surface of the cube indicated by gray lines,

according to the crystal symmetry. Even starting
from the perfectly collinear ferromagnetic ground-
state spin configuration, theDM interaction affects
the spin wave and gives rise to the thermal Hall
effect as discussed below.

The magnetic, electric, and thermal properties
of Lu2V2O7 are illustrated in Fig. 2. The spon-
taneous magnetization M emerges below Curie
temperature TC = 70K (Fig. 2A). Figure 2B shows
the magnetization curves along various magnetic
field directions at 5 K. The magnetization saturates
at relatively low field (less than 1 T), and the sat-
urated magnetization is isotropic and almost co-
incides with 1 bohr magneton (mB), indicating the
collinear ferromagnetic state with spin S = 1=2
above the saturation field. The resistivity increases
rapidly with decreasing temperature T (Fig. 2C).
The longitudinal thermal conductivity (11) mono-
tonically falls with decreasing temperature (Fig. 2D).
The magnitude is small as compared with usual in-
sulators but comparable with similar orbital-ordered
materials (12). According to theWiedemann-Franz
law, the electric contribution of thermal conduc-
tivity is less than 10−5W/Km below 100 K. There-
fore, the heat current is carried only by phonons
and magnons in this temperature region. From
the analysis of the magnetic field variation of the
thermal conductivity (13), we estimate the mean
free paths of phonons and magnons (lph and lmag,
respectively) at 20 K as lph = 3.5 nm and lmag =
3.6 nm. Because the obtained lph and lmag are
much larger than the V-V distance (0.35 nm), the
Bloch waves of phonons and magnons are well
defined at least at 20 K.

The thermal Hall effect (the Righi-Leduc ef-
fect) is usually induced by the deflection of elec-
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Fig. 1. The crystal structure of Lu2V2O7 and themagnon Hall effect. (A) The V sublattice of Lu2V2O7, which is
composed of corner-sharing tetrahedra. (B) The direction of the Dzyaloshinskii-Moriya vector D

→
i j on each

bond of the tetrahedron. The Dzyaloshinskii-Moriya interaction D
→
i j ⋅ (S

→
i # S

→
j) acts between the i and j sites.

(C) The magnon Hall effect. A wave packet of magnon (a quantum of spin precession) moving from the hot
to the cold side is deflected by the Dzyaloshinskii-Moriya interaction playing the role of a vector potential.
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Lu2V2O7 is a FM insulator 



Thermal Hall conductivity in the frustrated pyrochlore 
magnet Tb2Ti2O7

M. Hirschberger, J. W. Krizan, 
 R. J. Cava, and N. P. Ong

Science 348, (2015)
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FIG. 3: Curves of the thermal Hall conductivity κxy/T vs. H in Tb2Ti2O7 (Sample 2). From 140 to 50 K, κxy/T , is H-linear
(Panel A). Below 45 K, it develops pronounced curvature at large H , reaching its largest value near 12 K. The sign is always
“hole-like”. Panel B shows the curves below 15 K. A prominent feature is that the weak-field slope [κxy/TB]0 is nearly T
independent below 15 K. Below 3 K, the field profile changes qualitatively, showing additional features that become prominent
as T → 0, namely the sharp peak near 1 T and the broad maximum at 6 T.

FIG. 3: Curves of the thermal Hall 
conductivity κxy/T vs. H in Tb2Ti2O7 
(Sample 2). From 140 to 50 K, κxy/T, is H-
linear (Panel A). Below 45 K, it develops 
pronounced curvature at large H, reaching 
its largest value near 12 K. The sign is 
always “hole-like”. Panel B shows the 
curves below 15 K. A prominent feature is 
that the weak-field slope [κxy/TB]0 is 
nearly T independent below 15 K. Below 3 
K, the field profile changes qualitatively, 
showing additional features that become 
prominent as T → 0, namely the sharp 
peak near 1 T and the broad maximum at 6 
T. 



Thermal Hall Effect of Spin Excitations in a Kagome Magnet 

Max Hirschberger, Robin Chisnell, Young S. Lee and N. P. Ong

PRL 115, 106603 (2015) planar kagome magnet Cu(1,3-benzenedicarboxylate) 

κxyðT;HÞ: a purely n-type curve at the lowest T and, closer
to TC, a sign-change induced by a p-type term. Moreover,
the calculated curves at each T exhibit the high-field
suppression, in agreement with Fig. 3(d). For sample 3,
the peak values of κ2Dxy agree with the HP curves (0.04 K at
T ¼ 0.4 K; 0.2 K at 4.4 K). In the paramagnetic
region, however, our field profiles disagree with the SB
curves. Above TC, κxy is observed to be p-type at all B
whereas the SB curves are largely n-type apart from a small
window at low B. The comparison suggests that the HP
approach is a better predictor than the SB representation
even above TC.
A weak κxy was reported in Ref. [9] and identified with

phonons. A phonon Hall effect based on the Berry
curvature was calculated in Refs. [17,18]. Here, however,
the evidence is compelling that κxy arises from spin
excitations. The close correlation between the profiles of
κxy and κs vs T implies that they come from the same heat
carriers. Moreover, the plots in Fig. 3(d) and Eq. (1) show
that, when a gap opens, both the longitudinal and Hall

channels are suppressed at the same rate versus B. To us
this is firm evidence for spin excitations—the phonon
current cannot be switched off by a gap opening in the spin
spectrum (we discuss this further in the Supplemental
Material [16]).
In addition to confirming the existence of a large κxy in

the kagome magnet, the measured κxy can be compared
with calculations. For chiral magnets, κxy is capable of
probing incisively the effect of the Berry curvature on
transport currents.

We acknowledge support from the U.S. National Science
Foundation through the MRSECGrant No. DMR 1420541.
N. P. O. was supported by U.S. Army Office of Research
(Contract No. W911NF-11-1-0379) and by the Gordon
and Betty Moore Foundation’s EPiQS Initiative through
Grant No. GBMF4539. The work at MITwas supported by
the U.S. Department of Energy, Office of Science, Office of
Basic Energy Sciences under Grant No. DE-FG02-
07ER46134.
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FIG. 2 (color online). The thermal Hall conductivity κxy measured in Cu(1,3-bdc). In panel (a), we plot the strongly nonmonotonic
profiles of κxy vs B in sample 2. The dispersionlike profile changes sign below ∼1.7 K. The right scale gives κ2D=ðk2B=ℏÞ (per plane)
obtained by multiplying κxy by dℏ=k2B ¼ 443.2 (SI units). Panels (b) and (c) show corresponding curves in sample 3 (now plotted as
κxy=T). Above TC [panel (b)], κxy=T is p type. The behavior below 1.90 K is shown in panel (c). At 1.09 K, the n-type contribution
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closely correlates with κSxx vs T (aside from the sign change).
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Emergence of nontrivial magnetic excitations in a spin liquid 
state of kagome volborthite

Daiki Watanabe, Kaori Sugii, Masaaki Shimozawa, Yoshitaka Suzuki, Takeshi Yajima, Hajime 
Ishikawa, Zenji Hiroi, Takasada Shibauchi, Yuji Matsuda, Minoru Yamashita

Proc. Natl. Acad. Sci. USA 113, 8653 (2016)
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Figure 3: (a) The field and heater-power 
dependences of the antisymmetrized transverse 
temperature difference, Δ𝑇𝑇𝑥𝑥Asym(𝐻𝐻) ≡
�Δ𝑇𝑇𝑥𝑥(+𝐻𝐻) − Δ𝑇𝑇𝑥𝑥(−𝐻𝐻)� 2⁄ , at 8.3 K.  The inset 
shows the same data normalized by the heater 
power, together with the data at 7 K of a LiF 
sample used as the heat bath (black squares). (b) 
Temperature dependence of −𝜅𝜅𝑥𝑥𝑥𝑥/𝑇𝑇𝑇𝑇 at 15 T. 
Inset shows −𝜅𝜅𝑥𝑥𝑥𝑥 at 15 T (left) and 𝜒𝜒 (right). 
The dotted lines are guides to the eyes. Error 
bars correspond to 1 s.d. 

 

 
  



Kitaev Honeycomb Magnetism

Kitaev (2006)

Sx
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S y
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j
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Exactly solvable anisotropic exchange model

Ground state is quantum spin liquid with gapless Majorana modes and gapped 
fluxon excitations

Apply small field perpendicular to plane to enter into chiral spin liquid regime
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Kitaev-Heisenberg Model
Condensed matter physicist: Is the 

Kitaev model physical?

(Chaloupka ) + Jackeli + Khaliullin: Yes!

Honeycomb materials with edge sharing oxygen octahedra 

• effective J=1/2 in strong spin-orbit coupled ions Ir4+ 

• spin orbit coupling gives mechanism for Kitaev exchange to arise 

• isotropic exchange can be suppressed relative to Kitaev exchange: 
destructive interference from 90 degree Ir-O-Ir bonds 

• Candidate materials: Na2IrO3 and 𝛼-RuCl3
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Materials

↵� RuCl3 Na2IrO3

We need Jeff = 1/2 moments

• Both exhibit zero field - collinear zigzag magnetic - order 

• Kitaev exchange thought to play important role in these 
magnets 

• Much still remains to be understood in these magnets  

• In particular, nature of excitations above the zero field 
ordered state in RuCl3 and field evolution 

• Long-range order drops away in high field tilted from [111]
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Semiclassical Phase Diagram, h || [111]
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Transition to fully polarized state for [111] field

Quantum effects…phase boundaries renormalized, QSL appear
Janssen, Andrade, Vojta 

(2016/2017)
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Figure 1. (a) Phase diagram of the classical HK model for T ! 0, with J = A cos', K = A sin' and magnetic field ~h in the

[001] direction. Solid (dash-dotted) lines show first-order (second-order) phase transitions. For ~h along [110] the phase diagram

is identical. The dash-dotted line bounding the polarized phase represents h
c0

('). (b) Same as (a), but for ~h k [111], showing
a multitude of novel phases. Multi-Q phases are asterisked; see text for details. (c) Phase diagram for h = 0 for comparison.

In the nonfrustrated cases we recover known results:
For ' = 0 (AF Heisenberg model) the magnon energy
vanishes at h

c0

= 6JS and wavevector ~

Q = �. This is
the ordering wavevector of the honeycomb-lattice Néel
state, indicating a continuous transition at h

c0

towards
a canted deformation of the Néel phase. For ' = ⇡ (FM
Heisenberg model) there is no magnon softening at finite
h, in accordance with the FM zero-field ground state.

The behavior significantly changes when a substantial
Kitaev interaction is included, i.e., when the classical
zero-field ground state is of zigzag or stripy form. For a
field in the [001] or [110] direction and ⇡/2 < ' < 0.85⇡
(zigzag phase for h = 0), a magnon mode becomes soft at
the wavevector ~

Q = M. This corresponds to the ordering
wavevector of the zigzag state, suggesting a direct tran-
sition between the high-field phase and a canted zigzag
phase. By contrast, for ~h k [111] the instability wavevec-
tor is ~

Q = K. Hence, as long as the instability is not pre-
empted by a first-order transition above h

c0

, the phase
below h

c0

cannot be smoothly connected to the zero-field
zigzag ground state. The same behavior is found above
the stripy phase, 3⇡/2 < ' < 1.85⇡: For ~

h k [001] or
[110] the high-field instability wavevector agrees with the

zero-field ordering wavevector ~

Q = M, while for ~h k [111]
the instability wavevector is again ~

Q = K. Together, this
points to the existence of novel intermediate phases when
the field is in the diagonal direction.

Monte-Carlo simulations. To identify the low-
temperature phases of the HK model at intermediate
fields, we utilize classical Monte-Carlo (MC) simulations,
combining single-site and parallel-tempering updates in
order to equilibrate the spin configurations at low T , for
details see Sec. II of Ref. 28. From the MC data, we com-

pute the magnetization ~m and the static spin structure
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), where ~

R
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lattice vector at site i and N the number of sites.
We perform simulations at various fixed values of ',

with N  2 · 242 and in the temperature range 0.005 .
T/|JS2| . 1.0, to monitor the evolution of the magnetic
state with increasing field. For selected parameter val-
ues we cool down the lowest-T MC configuration to de-
termine the corresponding classical ground state. Our
MC results reveal the existence of a number of nontrivial
phases for ~h k [111], to be described in detail below.
Phases and phase diagram. In order to accurately

compute the phase boundaries of the classical HK model
in the T ! 0 limit, we parameterize the spin configura-
tions – as deduced from the low-T MC data – of each
of the phases analytically in terms of a set of angles (see
Sec. III of Ref. 28), and minimize the resulting energy
by varying these angles at fixed h and '. We consider
a total of 10 phases, and the comparison of their ener-
gies yields the T ! 0 phase diagram as function of the
coupling parameter ' and the field strength h, Fig. 1.
For field ~h in the [001] direction, Fig. 1(a), the field evo-

lution is conventional: For infinitesimal field, the Néel,
zigzag, and stripy ground states align perpendicular to
the field (which reduces their degeneracy [28]). With in-
creasing h they cant towards the field and undergo con-
tinuous transitions into the polarized phase at some h

c0

.
This coincides with the instability field at which the high-
field magnon becomes soft, thus validating our analysis.
The same applies to ~h k [110]; we note that in both cases
the field breaks the zero-field Z

3

symmetry of combined
(2⇡/3)-lattice and (x ! y ! z)-spin rotations.

For field ~

h k [111], Fig. 1(b), things are fundamen-
tally di↵erent. Novel phases appear, with spin structure
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Figure 1. (a) Phase diagram of the classical HK model for T ! 0, with J = A cos', K = A sin' and magnetic field ~h in the

[001] direction. Solid (dash-dotted) lines show first-order (second-order) phase transitions. For ~h along [110] the phase diagram

is identical. The dash-dotted line bounding the polarized phase represents h
c0

('). (b) Same as (a), but for ~h k [111], showing
a multitude of novel phases. Multi-Q phases are asterisked; see text for details. (c) Phase diagram for h = 0 for comparison.

In the nonfrustrated cases we recover known results:
For ' = 0 (AF Heisenberg model) the magnon energy
vanishes at h

c0

= 6JS and wavevector ~

Q = �. This is
the ordering wavevector of the honeycomb-lattice Néel
state, indicating a continuous transition at h

c0

towards
a canted deformation of the Néel phase. For ' = ⇡ (FM
Heisenberg model) there is no magnon softening at finite
h, in accordance with the FM zero-field ground state.

The behavior significantly changes when a substantial
Kitaev interaction is included, i.e., when the classical
zero-field ground state is of zigzag or stripy form. For a
field in the [001] or [110] direction and ⇡/2 < ' < 0.85⇡
(zigzag phase for h = 0), a magnon mode becomes soft at
the wavevector ~

Q = M. This corresponds to the ordering
wavevector of the zigzag state, suggesting a direct tran-
sition between the high-field phase and a canted zigzag
phase. By contrast, for ~h k [111] the instability wavevec-
tor is ~

Q = K. Hence, as long as the instability is not pre-
empted by a first-order transition above h

c0

, the phase
below h

c0

cannot be smoothly connected to the zero-field
zigzag ground state. The same behavior is found above
the stripy phase, 3⇡/2 < ' < 1.85⇡: For ~

h k [001] or
[110] the high-field instability wavevector agrees with the

zero-field ordering wavevector ~

Q = M, while for ~h k [111]
the instability wavevector is again ~

Q = K. Together, this
points to the existence of novel intermediate phases when
the field is in the diagonal direction.

Monte-Carlo simulations. To identify the low-
temperature phases of the HK model at intermediate
fields, we utilize classical Monte-Carlo (MC) simulations,
combining single-site and parallel-tempering updates in
order to equilibrate the spin configurations at low T , for
details see Sec. II of Ref. 28. From the MC data, we com-

pute the magnetization ~m and the static spin structure
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with N  2 · 242 and in the temperature range 0.005 .
T/|JS2| . 1.0, to monitor the evolution of the magnetic
state with increasing field. For selected parameter val-
ues we cool down the lowest-T MC configuration to de-
termine the corresponding classical ground state. Our
MC results reveal the existence of a number of nontrivial
phases for ~h k [111], to be described in detail below.
Phases and phase diagram. In order to accurately

compute the phase boundaries of the classical HK model
in the T ! 0 limit, we parameterize the spin configura-
tions – as deduced from the low-T MC data – of each
of the phases analytically in terms of a set of angles (see
Sec. III of Ref. 28), and minimize the resulting energy
by varying these angles at fixed h and '. We consider
a total of 10 phases, and the comparison of their ener-
gies yields the T ! 0 phase diagram as function of the
coupling parameter ' and the field strength h, Fig. 1.
For field ~h in the [001] direction, Fig. 1(a), the field evo-

lution is conventional: For infinitesimal field, the Néel,
zigzag, and stripy ground states align perpendicular to
the field (which reduces their degeneracy [28]). With in-
creasing h they cant towards the field and undergo con-
tinuous transitions into the polarized phase at some h
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.
This coincides with the instability field at which the high-
field magnon becomes soft, thus validating our analysis.
The same applies to ~h k [110]; we note that in both cases
the field breaks the zero-field Z
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symmetry of combined
(2⇡/3)-lattice and (x ! y ! z)-spin rotations.

For field ~
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Linear Spin Waves in Field-Polarized Phase
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Linear spin wave dispersions
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Kitaev Points and Topological Magnons
Focus on antiferromagnetic Kitaev point

Threshold field h=4

Flat band condensation, 
localized modes -> 

degenerate classical manifold
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Magnon bands have Chern number +1 and -1
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Topology across Kitaev-Heisenberg
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 Mapping from 𝜗→𝜗+𝜋 leaves the spin wave spectrum 
invariant as measured from threshold field

Except for isolated points, whole of polarized phase has topological bands
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Comparing linear spin wave and ED
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Comparing magnetization and excitations in  ED

Strong quantum 
fluctuations in the 
collinear, polarized 

state

Polarized state

classical saturation field



Comparing linear spin wave and ED
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Canonical transformation

effective model in 1/h to reduce the anomalous term
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 effective magnon hopping 
model with nearest neighbor 
and complex next-neighbor 

hopping (DM interaction)



Canonical transformation
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 effective magnon hopping 
model with nearest neighbor 
and complex next-neighbor 

hopping (DM interaction)
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High field effective 
Hamiltonian is the famous 

Haldane model

cf. 
Se Kwon Kim, H. Ochoa, R. Zarzuela, and Y. Tserkovnyak 
Realization of the Haldane-Kane-Mele Model in a System 
of Localized Spins 
PRL 117, 227201 (2016)




Chern number

Finite Chern number if the surface of 
the d(k) vector has a finite volume 

around the origin (skyrmion).

When  K = 0 or 3 J + K = 0 the Chern 

number is 0.

28

d(k) =

0

B@
(3J + 2K)S(�⇤

0,k + �0,k)
i(3J + 2K)S(�⇤

0,k � �0,k)

� 2K2S2

h

⇣
�⇤
1,k�1,k � �⇤

2,k�2,k

⌘

1

CA .

<latexit sha1_base64="ZWGZ+IcfrpJBJQ/wUAHGV8dZS7Y="></latexit><latexit sha1_base64="ZWGZ+IcfrpJBJQ/wUAHGV8dZS7Y="></latexit><latexit sha1_base64="ZWGZ+IcfrpJBJQ/wUAHGV8dZS7Y="></latexit><latexit sha1_base64="ZWGZ+IcfrpJBJQ/wUAHGV8dZS7Y="></latexit>

Ae↵(k) = A(k)� 2K2S2

h

✓
�⇤
1,k�1,k 0
0 �⇤

2,k�2,k

◆

= d0(k) +
1

2
d(k) · ~�

<latexit sha1_base64="Y81/kGnkgbJWp9KRbsH5QJvI6uI="></latexit><latexit sha1_base64="Y81/kGnkgbJWp9KRbsH5QJvI6uI="></latexit><latexit sha1_base64="Y81/kGnkgbJWp9KRbsH5QJvI6uI="></latexit><latexit sha1_base64="Y81/kGnkgbJWp9KRbsH5QJvI6uI="></latexit>

For large fields, we can neglect the anomalous part Beff, and work only with 
Aeff normal part describing the hopping of the magnon:
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skyrmion number
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The Chern number of the n-th 
band is 2n times the number of 
skyrmions -> 2n edge states
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Hamiltonian (Zeeman levels)
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Kitaev—Heisenberg—Γ—Γ′ model
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Symmetry of Kitaev materials allows two further 
nearest neighbor exchange couplings

In fully polarized phase, can map any point in full phase diagram into Kitaev-
Heisenberg model at some field

So whole paramagnetic region is topological except for isolated surfaces
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Can topological magnons exist 
in materials?

31



Magnon-Magnon Interactions
Magnon-magnon interactions from Holstein-Primakoff beyond 1/S

H3 =
1

2

X

kµ

V3(k1,k2,k3)(a
†
k1
a†k2

ak3 + h.c.) + . . .

Generally number non-conserving terms

✏k3 = ✏k2 + ✏k1

Four-magnon terms to same order.

Single particle picture may not survive in any detail
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The Death of Topological Magnons?

Mook, Menk, Mertig (2014)

Chernyshev, Maksimov (2016)

Kagome ferromagnet with Dzyaloshinskii-Moriya exchange

Large two magnon density of 
states in neighborhood of single 

magnon bands
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Magnon-magnon interactions from 
Holstein-Primakoff beyond 1/S
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Topological Magnons Live?
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Methods I: Perturbation Theory

~G(~k,!) =
h
(! + i0+)~⌘ � ~M(~k)� ~⌃~M(

~k,!)
i�1

,

Compute Green’s function 

formally to one order beyond linear spin wave theory

S(k,!) ⌘
X

↵

X

a,b

hS↵a (�k,�!)S↵b (k,!)i

Get the various components of dynamical structure factor

Self-consistent approach
~M(~k)Renormalize          by including static parts of Hartree-Fock self-energy

Use this to evaluate self-energy in omega.
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Methods II: DMRG + tMPO

• DMRG  on long cylinder with periodic boundary conditions and few unit cells 
around 

• Time evolution on matrix product state after flipping spin to get dynamical 
structure factor 

• This work is first benchmark of technique with perturbation theory
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Bulk Spin Waves: AFM Kitaev
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Bulk Spin Waves: Ferromagnetic Kitaev
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Bulk Spin Waves: AFM vs FM Kitaev
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Slab Geometry and 
High Fields

Does the chiral edge state 
survive?
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Slab Geometry to Lower Fields
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Slab Geometry to Lower Fields

FM Kitaev h=2
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FIG. 1. (a) Schematic of Kitaev model on honeycomb lat-
tice. Blue, green, and red bonds represent Ising-like bond-
directional interactions between x-, y-, and z-components of
the 1/2 spins at the apexes of the hexagons, respectively.
The quantum spins are fractionalized into itinerant Majorana
fermions (purple spheres) and Z2 fluxes with Wp = ±1 (or-
ange hexagons are excited fluxes for Wp = −1). (b) Crystal
structure of α-RuCl3 in the ab plane. Edge-sharing RuCl6 oc-
tahedra forms 2D honeycomb lattice of Ru ions [Ru3+(4d5),
jeff = 1/2]. (c) Schematic phase diagram for the 2D Kitaev
model as a function of g, where g is the ratio of the Kitaev in-
teraction JK and non-Kitaev interactions, such as Heisenberg
and off-diagonal terms (in the pure Kitaev model, g = 0).
At low g, the ground state is a QSL. α-RuCl3 corresponds
to finite g with magnetic ordering. There are two character-
istic temperatures, JK/kB and ∆G/kB ∼ 0.06JK/kB . At
T > JK/kB (regime-III), the system is in a conventional
paramagnetic state. At T < JK/kB , the spin-liquid (Kitaev
paramagnetic) state appears. Above ∆G/kB (regime-II), the
itinerant Majorana fermions are scattered by the thermally
excited Z2 fluxes. Below ∆G/kB (regime-I), the numbers of
the excited Z2 fluxes are strongly reduced. (d) Temperature
dependence of magnetic susceptibility χ (left axis) measured
in an in-plane magnetic field of H = 1000Oe for two different
α-RuCl3 single crystals and specific heat C in zero field (right
axis) for sample 1.

[Fig. 1(d)]. As the bending of the crystal may induce
the stacking faults [27], we remeasured the specific heat
after the thermal transport measurements and confirmed
the absence of magnetic transition at 14K, implying the
minimal effect of stacking fault during the measurements.
The sample size (distance between contacts for longitudi-
nal thermal gradient∇xT ) is 2×0.5×0.02mm3 (1.2mm)
and 2× 0.7× 0.03mm3 (1.1mm) for Sample 1 and 2, re-
spectively. In-plane thermal conductivity and thermal
Hall conductivity were measured simultaneously on the
same crystal by the standard steady state method in high
vacuum, using the experimental setup illustrated in the
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FIG. 2. (a) Temperature dependence of κxx at 0T and 12T
for two different samples. Lower inset shows expanded view of
κxx(T ) at low temperatures. Solid arrows indicate the AFM
transition temperature TN ∼ 7K. No anomaly is observed at
14K at which the transition associated with the stacking fault
occurs (dashed arrow). Upper inset illustrates a schematic of
the measurement setup for the in-plane thermal conductiv-
ity and thermal Hall conductivity. (b) Field dependence of

magneto-thermal conductivity ∆κxx(H)/κxx(0)[≡
κ(H)−κ(0)

κxx(0) ]
in the spin-liquid state.

inset of Fig. 2(a). The samples are suspended between
heat bath and a chip resistance heater. Heat current
q and magnetic field H were applied along the ab plane
(q∥x) and c axis (H∥c∥z), respectively. The temperature
gradients−∇xT ∥x and −∇yT ∥y were measured by three
Cernox thermometers carefully calibrated under mag-
netic fields. For the measurements of the thermal Hall
effect, we removed the longitudinal response due to mis-
alignment of the contacts by anti-symmetrizing the mea-
sured∇yT as∇yT asym(H) = [∇yT (H)−∇yT (−H)]/2 at
each temperature. κxx and κxy were obtained from lon-
gitudinal thermal resistivity wxx = ∇xT/q and thermal
Hall resistivity wxy = ∇yT asym/q as κxx = wxx/(w2

xx +
w2

xy) and κxy = wxy/(w2
xx + w2

xy). We performed mea-
surements with different applied heat current and con-
firmed linear responses in ∇xT and ∇yT asym. To avoid
background Hall signal, a LiF heat bath and non-metallic
grease were used [20]. The thermal transport measure-
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FIG. 3. (a) Field dependence of κxy for sample 2. (b)
Temperature dependence of κxy near TN . Inset shows the
field dependence of d2|κxy(H)|/dH2 below and above TN .

ments were performed on two different single crystals in
the same batch, samples 1 and 2, at Kyoto Univ. and
at Univ. of Tokyo, respectively, by using similar setups
with different calibrated thermometers (Cernox CX1070
and CX1050 bare chips were used in the setups at Kyoto
and at Tokyo, repspectively). As shown in Figs. 2(a) and
4(a), both κxx(T ) and κxy(T ) of sample 1 well coincide
with those of sample 2.
Figure 2(a) depicts the in-plane thermal conductivity

κxx(T ) of α-RuCl3 single crystals in zero and finite mag-
netic fields (H) perpendicular to the 2D planes. The
overall T -dependence is similar to the previous reports
[28–30]. At TN , κxx exhibits a sharp kink anomaly. Al-
though the magnetic susceptibility shows a tiny anomaly
at 14K due to the transition associated with stacking
faults in the crystals [Fig. 1(d)] [26, 31], κxx and specific
heat exhibit no corresponding anomaly [Figs. 1(d) and
2(a)], indicating that this effect is negligible in the present
analysis. As α-RuCl3 is a good insulator, in which electri-
cal resistivity is hard to measure even at room temper-
ature, mobile charge carriers are absent. In insulating
spin systems, impurities usually act as scattering centers
that reduce κxx regardless of magnetic and non-magnetic
ones. Therefore, the fact that the magnitude of κxx in the
present crystals is 2-3 times larger than the previously
reported values suggest the high quality of the present
crystals with smaller impurity/disorder levels and longer
mean free path of heat carriers.
As shown in Fig. 2(b), κxx(H) decreases with H . The

suppression of κxx(H) in perpendicular field is much
weaker than that in parallel field, which is due to the
strong magnetic anisotropy of α-RuCl3 [32] (Although
not shown here, our results in parallel fields are essen-
tially the same as those reported in [28, 30]). In the
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FIG. 4. (a) Temperature dependence of κxy/T of α-RuCl3
in several magnetic fields in the spin-liquid and magnetically
ordered states. The right scale represents (κ2D

xy /T )/(k
2
B/!),

where κ2D
xy = κxyd (d = 5.72 Å is the interlayer distance

[4]). Violet dashed line represents the quantized thermal
Hall effect; (κ2D

xy /T )/(k
2
B/!) = π/12. (b) Numerical results of

(κ2D
xy /T )/(k

2
B/!) plotted as a function of T/(JK/kB) for the

pure Kitaev model in the presence of the effective magnetic
field h∗ proportional to H3, which is introduced by treat-
ing H as a perturbation [22]. Inset shows the same plot on a
semi-logarithmic scale of T/(JK/kB). Regimes I and II repre-
sent the T -regime below and above ∆G/kB in the spin-liquid
state, respectively, and regime III represents the conventional
paramagnetic state.

present system, the heat is carried by spin excitations
and phonons; κxx = κsp

xx+κph
xx. As the magnetic field en-

hances the phonon mean free path due to the alignment
of spins, suppressing the spin-phonon scattering rate, κph

xx

is expected to increase with H . Thus the observed re-
duction of κxx(H) with H is caused by κsp

xx. However,
lacking detailed information on spin-phonon scattering,
which is suggested to be present in this material [28], the
quantitative contribution of spin excitations is difficult to
be extracted from κxx(H). Thermal Hall effect is, there-
fore, a more suitable probe to unveil the nature of spin
excitations.

As shown in Fig. 3(a), κxy, obtained by anti-
symmetrizing thermal response with respect to the field
direction, is clearly resolved, establishing a finite thermal
Hall effect. Since the magnitude of κxy is three orders of
magnitude smaller than κxx even at 12T, special care
was taken to detect the intrinsic thermal Hall signal [20].
Figure 3(b) and its inset depict the T -dependence of κxy

and H-dependence of d2|κxy|/dH2, respectively, below
and above TN . In the spin-liquid state above ∼ TN , κxy

is positive and displays a superlinear field dependence
(κxx ∝ Hα with α > 1 and d2|κxy|/dH2 > 0), while it be-
comes negative and exhibits a sublinear field dependence
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for several classical chiral magnet and quantum spin ice
systems [25–27].
Here, we report a sizeable thermal Hall effect for α-

RuCl3. In this compound, strong spin-orbit coupling and
an edge-sharing configuration of RuCl6 octahedra yield
a honeycomb lattice of jeff = 1/2 states with dominant
Kitaev interaction [8, 28–30]. Long-range magnetic or-
der at TN ≈ 7 K occurs in as-grown samples of α-RuCl3
without stacking faults, whereas stacking disorder causes
a spread of the ordering temperature to up to about 14 K
[31–33]. While a moderate in-plane magnetic field of
∼ 8 T is sufficient to completely suppress the long-range
magnetic order, the latter persists in standard laboratory
fields perpendicular to the honeycomb layers [9, 32, 34–
36], which is the field configuration in our experiment.
Remarkably, κxy changes sign at TN which provides evi-
dence for a significantly different nature of the magnetic
quasiparticles in the two phases. In the paramagnetic
phase, κxy is positive, exhibits a broad peak at around
30 K, and gradually decays towards higher temperature.
The positive κxy in the paramagnetic phase is accompa-
nied by a positive thermal magnetoresistance. Our find-
ings unambiguously prove the unconventional nature of
spin excitations in α-RuCl3.
For the measurements of the longitudinal and transver-

sal heat conductivity, a single crystal of α-RuCl3 was
grown using the chemical vapor transport method as
described in Ref. 13. The roughly rectangular shaped
crystal was mounted in our home-built heat conductivity
setup with the honeycomb planes perpendicular to the
magnetic field direction z. An in-plane heat current jx
perpendicular to the magnetic field was generated by a
chip heater (see inset of Fig. 1 for a sketch of the ex-
perimental setup). The resulting longitudinal temper-
ature gradient ∂xT was measured utilizing a magnetic
field calibrated Au/Fe-Chromel thermocouple with the
junctions mounted on one of the sample’s faces along the
x-direction (labeled x-thermocouple in the figure). A sec-
ond, transverse thermocouple (labeled y-thermocouple)
with the junctions attached to opposing crystal edges was
used for measuring the transversal temperature gradient
∂yT . In a first step, the longitudinal heat conductivity
κxx(T ) was measured at zero and finite magnetic fields,
applying only a very small heat current. Since the ther-
mal Hall signal typically is very small, an increased heat
current was applied in a second step, in order to obtain a
reasonable signal to noise ratio in the thermal Hall effect
measurement. To ensure the consistency of the results
despite the large thermal perturbation, the heat current
applied was varied at several fixed temperature values in
order to varify a linear response in ∂yT .
The sample temperature was determined by extrapo-

lating the thermal bath temperature to the x-position
of the y-thermocouple at the sample’s center (see in-
set of Fig. 1). For this purpose the previously obtained
κxx value was used, assuming a constant temperature

FIG. 1. Temperature dependence of the longitudinal heat
conductivity κxx of α-RuCl3 parallel to the honeycomb layers
at zero field and at a magnetic field Bz = 16 T perpendicular
to the layers. The inset shows a sketch of the experimental
setup.

gradient across the sample. For eliminating any longi-
tudinal contribution in the ∂yT -signal due to a possi-
ble slight offset of the y-thermocouple’s contacts in x-
direction, ∂yT (B) was measured for both field polari-
ties. The transversal heat conductivity κxy has then been
evaluated with the antisymmetrized signal ∂a

yT (B) =
(∂yT (B)− ∂yT (−B))/2 as

κxy =
κ2
xx∂

a
yT

jx
. (1)

Both the field dependence κxy(B) at selected fixed tem-
peratures and the temperature dependence κxy(T ) at a
fixed field of 16 T have been measured. The results for
each κxy(B) was then fit assuming a linear field depen-
dence and the resulting 16 T values were used to consol-
idate the T -dependent measurement at fixed field. Each
κxy(B, T ) was measured multiple times, enabling a rough
estimation of the statistical uncertainty of each data-
point.
κxx(T ) of α-RuCl3 at zero magnetic field is very sim-

ilar to that of our previous results [13]. The observed
T -dependence can be rationalized to originate essentially
from heat transport by phonons which above TN experi-
ence significant scattering through the Kitaev-Heisenberg
paramagnons and thus cause a pertinent suppression of
the phononic heat transport. The minimum at TN ≈ 8 K
and the sharp increase at lower T indicate the abrupt
freezing-out of this scattering in the magnetically ordered
phase. Remarkably, in contrast to the previously inves-
tigated case where the field was applied parallel to the
honeycomb layers, the magnetic field perpendicular to
the planes has only a weak effect on κxx(T ). As can be
inferred from Fig. 1, at Bz = 16 T, the thermal con-
ductivity is slightly reduced for T !125 K at most by

3

FIG. 2. Field dependence of the transversal heat conductivity
κxy of α-RuCl3 at selected temperatures. The dashed lines
are linear fits to the data which were consecutively used in
comparison to the T dependent measurements. Error bars
are based on the fit quality with respect to a linear field de-
pendence.

about 5.5% at 38 K, with the overall shape being nearly
unchanged.
Fig. 2 shows the results of the field dependent mea-

surements of the transverse thermal conductivity κxy(B)
at fixed T . At all measured T , the field dependence
is linear as emphasized by the linear fits to the data
(dashed lines). In the vicinity of TN , κxy(B) is nega-
tive and assumes relatively small negative values of a few
10−4 WK−1m−1 at about 10 T. However, at somewhat
higher 19 K ≤ T ≤ 73 K, κxy(B) is positive and reaches
about one order of magnitude larger values.
At further elevated T , κxy(B) becomes significantly

smaller. At T =155 K, κxy(B) remains practically zero
whereas at even higher T = 187 K and T = 230 K (not
shown) small negative and positive values, again in the
range of the values for lowest T are obtained, respectively.
In order to shed more light on the T -dependence of

κxy, we present in Fig. 3 κxy(T ) measured at a fixed field
|Bz| = 16 T. In agreement with the field dependent data,
κxy(T ) is small and negative (κxy ∼ −10−4 WK−1m−1)
at T ! TN . Upon increasing T through TN and fur-
ther, it increases strongly towards large positive values
and exhibits a broad peak centered at about 30 K where
κxy ≈ 3.5 · 10−3 WK−1m−1. κxy(T ) then decays gradu-
ally at further elevated T . At about 125 K, κxy reaches
zero and turns to small negative values again where it
saturates at about −3 · 10−4 WK−1m−1.
It is important to mention that in the regime T "

FIG. 3. Temperature dependence of the transversal heat con-
ductivity κxy of α-RuCl3 at |Bz| = 16 T, applied perpendic-
ular to the honeycomb planes and kept fixed during the tem-
perature cycles. The open symbols represent the respective
results of the field dependent measurements and show excel-
lent agreement with the T dependent measurements. Inset:
κxy/T of α-RuCl3 as a function of temperature.

125 K, the B-dependent data at fixed T suggest κxy ≈
0 rather than the slightly negative result of the T -
dependent data at fixed field, see Fig. 3. Since the former
measurement mode is not prone to slight inevitable vari-
ations of the thermal contacts of the transverse thermo-
couple during thermal ramping which hamper the pre-
cision of determining ∂a

yT , in contrast to the latter, we
conjecture that the negative κxy(T ) at high T should
be understood as a consequence of experimental uncer-
tainty, and we conclude a negligible thermal Hall effect at
T " 125 K, see also inset of Fig. 3 which shows κxy(T )/T .
We mention further, that between about 150 K and 180 K
it was impossible to achieve reproducible data in the T -
dependent measurements which we attribute to the prox-
imity to the structural phase transition at about 155 K
[33].

The observation of a sizeable κxy in the paramagnetic
phase of the putative Kitaev-Heisenberg system α-RuCl3
is the main observation presented in this paper. It pro-
vides straightforward evidence for magnetic heat trans-
port in α-RuCl3 and underpins the unconventional na-
ture of the magnetic quasiparticles in this compound be-
cause these emerge from a state lacking magnetic long
range order. With respect to the Kitaev model, the emer-
gence of a sizeable κxy is a priori not unexpected. Ki-
taev has shown that in this case chiral edge modes are
expected to arise in a magnetic field at very low T , result-
ing in a quantized low-T limit of κxy/T [1, 37]. This sit-
uation, without any doubt, is not realized in the present
study, because interactions beyond the Kitaev model lead
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saturates at about −3 · 10−4 WK−1m−1.
It is important to mention that in the regime T "

FIG. 3. Temperature dependence of the transversal heat con-
ductivity κxy of α-RuCl3 at |Bz| = 16 T, applied perpendic-
ular to the honeycomb planes and kept fixed during the tem-
perature cycles. The open symbols represent the respective
results of the field dependent measurements and show excel-
lent agreement with the T dependent measurements. Inset:
κxy/T of α-RuCl3 as a function of temperature.

125 K, the B-dependent data at fixed T suggest κxy ≈
0 rather than the slightly negative result of the T -
dependent data at fixed field, see Fig. 3. Since the former
measurement mode is not prone to slight inevitable vari-
ations of the thermal contacts of the transverse thermo-
couple during thermal ramping which hamper the pre-
cision of determining ∂a

yT , in contrast to the latter, we
conjecture that the negative κxy(T ) at high T should
be understood as a consequence of experimental uncer-
tainty, and we conclude a negligible thermal Hall effect at
T " 125 K, see also inset of Fig. 3 which shows κxy(T )/T .
We mention further, that between about 150 K and 180 K
it was impossible to achieve reproducible data in the T -
dependent measurements which we attribute to the prox-
imity to the structural phase transition at about 155 K
[33].

The observation of a sizeable κxy in the paramagnetic
phase of the putative Kitaev-Heisenberg system α-RuCl3
is the main observation presented in this paper. It pro-
vides straightforward evidence for magnetic heat trans-
port in α-RuCl3 and underpins the unconventional na-
ture of the magnetic quasiparticles in this compound be-
cause these emerge from a state lacking magnetic long
range order. With respect to the Kitaev model, the emer-
gence of a sizeable κxy is a priori not unexpected. Ki-
taev has shown that in this case chiral edge modes are
expected to arise in a magnetic field at very low T , result-
ing in a quantized low-T limit of κxy/T [1, 37]. This sit-
uation, without any doubt, is not realized in the present
study, because interactions beyond the Kitaev model lead
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FIG. 1. Chiral Majorana edge currents and
temperature-magnetic field phase diagram of α-
RuCl3. a,b, Schematic illustrations of heat conductions in
the integer quantum Hall state of 2D electron gas (a) and
Kitaev QSL state (b) in magnetic field applied perpendicular
to the planes (gray arrows). In the red (blue) regime, the
temperature is higher (lower). The red and blue arrows rep-
resent thermal flow. In the quantum Hall state, the skipping
orbits of electrons (green spheres) at the edge, which form 1D
edge channels, conduct heat and κxy is negative in sign. In
the Kitaev QSL state, spins are fractionalized into Majorana
fermions (yellow spheres) and Z2 fluxes (black hexagons). The
heat is carried by chiral edge currents of charge neutral Ma-
jorana fermions and κxy is positive in sign. c, Phase diagram
of α-RuCl3 in tilted field of θ = 60◦. Open and closed dia-
monds represent the onset temperature of AFM order with
zigzag type TN determined by T - and H-dependences of κxx,
respectively. Below T ∼ JK/kB , the spin liquid (Kitaev para-
magnetic) state appears. At µ0H

∗
∥ ∼ 7T, TN vanishes (blue

arrow). A half-integer quantized plateau of 2D thermal Hall
conductance is observed in the red regime. Open blue squares
represent the fields at which the thermal Hall response dis-
appears. Red circle indicates a topological phase transition
point that separates the non-trivial QSL state with topolog-
ically protected chiral Majorana edge currents and a trivial
state, such as non-topological spin liquid or forced ferromag-
netic state.

netic (AFM) order with zigzag spin structure (Fig. 1c) at
TN ≈ 7K [22] due to non-Kitaev interactions, such as
Heisenberg exchange and off-diagonal interactions. Al-
though the thermal Hall conductance has been measured
in α-RuCl3, the quantization is not observed because the
low temperature properties of the liquid state is masked
by the AFM order [23].
The response of α-RuCl3 to magnetic fields is highly

anisotropic [8, 11, 12, 24, 25]. It has been reported that
while TN is little influenced by external magnetic field
perpendicular to the 2D plane, TN is dramatically sup-
pressed by the parallel field. This highly anisotropic re-
sponse is confirmed by the measurements of longitudinal
thermal conductivity κxx in magnetic field H applied
along various directions in the ac plane as shown in the
inset of Fig. 2a, where H∥ = H sin θ and H⊥ = H cos θ

6

4

2

0

κ
x
x
  
(W

/K
m

)

86420

µ0H||  (T)

10

8

6

4

2

0

κ
x
x
  
(W

/K
m

)

14121086420

T  (K)

 0 T

12

8

4

0

T
  
(K

)

86420
µ0H||  (T)

θ = 60  
 7.0 K
 6.0 K
 5.0 K
 2.5 K

θ = 45 
θ = 60 
θ = 90 

M/H 
    (θ = 90 )

µ0H|| = 7 T (θ = 90  )

µ0H⊥ = 12 T

(θ = 0  )

µ0H|| = 7 T (θ = 60  )

heater

thermometer

heat
bath

H

H||

H
θ

j

−   Tx

−   Ty

c

a

a b

FIG. 2. Longitudinal thermal conductivity in α-
RuCl3. a, Temperature dependence of κxx in magnetic field
H applied along various directions in the ac plane. Inset il-
lustrates a schematic of the measurement setup for κxx and
κxy. b, κxx at θ=60◦ plotted as a function of parallel field
component H∥. Inset shows TN vs. H∥ at different field direc-
tions. TN is determined by the T -dependence of κxx shown
in Fig. 2a (open symbols) and by the minimum in the H-
dependence of κxx (filled symbols) shown by arrows in the
main panel. The crosses are TN for θ = 90◦ determined from
magnetic susceptibility measurements [27].

are the field component parallel and perpendicular to the
a axis, respectively, and θ is the angle between H and
the c axis. In zero field, κxx exhibits a distinct kink at
TN , as shown in Fig. 2a. While this kink is observed in
perpendicular field (θ = 0◦) of 12T at the same tem-
perature, no kink anomaly is observed in parallel field
(θ = 90◦) of 7T [11, 12]. In Fig. 2a, we also plot κxx

in applied magnetic field of 8T tilted away from the c
axis (θ = 60◦, H∥ ∼ 7T). Similar to the case of parallel
field, no kink anomaly is observed. Figure 1b displays
the phase diagram in tilted field of θ = 60◦, where TN is
plotted as a function of H∥. We determined TN by the
kink of T -dependence of κxx and by the minimum in the
H-dependence of κxx (see Fig. 2b and Extended Data
Figs. 1 and 2). The inset of Fig. 2b shows TN plotted as
a function of H∥ for θ = 45◦, 60◦ and 90◦. While TN for
θ = 60◦ well coincides with that for 90◦ and vanishes at
the same critical field of H∗

∥ ≈ 7T, TN for 45◦ vanishes
at around H∥ ≈ 6T. Although TN is not perfectly scaled
by H∥, these results demonstrate the quasi-2D nature of
the magnetic properties.
Above H∗

∥ where the AFM order melts, the presence
of a peculiar spin liquid state has been suggested by the
nuclear magnetic resonance (NMR) and neutron scatter-
ing measurements. The former reports the presence of
spin gap [26] and the latter reveals unusual continuous
spin excitations [27]. These magnetic properties are con-
sistent with those expected in a Kitaev-type spin liquid
state.
To study the thermal Hall effect in the spin liquid state

above H∗
∥ , κxy is measured by sweeping field in tilted di-

rections and obtained by anti-symmetrizing thermal re-
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FIG. 1. Chiral Majorana edge currents and
temperature-magnetic field phase diagram of α-
RuCl3. a,b, Schematic illustrations of heat conductions in
the integer quantum Hall state of 2D electron gas (a) and
Kitaev QSL state (b) in magnetic field applied perpendicular
to the planes (gray arrows). In the red (blue) regime, the
temperature is higher (lower). The red and blue arrows rep-
resent thermal flow. In the quantum Hall state, the skipping
orbits of electrons (green spheres) at the edge, which form 1D
edge channels, conduct heat and κxy is negative in sign. In
the Kitaev QSL state, spins are fractionalized into Majorana
fermions (yellow spheres) and Z2 fluxes (black hexagons). The
heat is carried by chiral edge currents of charge neutral Ma-
jorana fermions and κxy is positive in sign. c, Phase diagram
of α-RuCl3 in tilted field of θ = 60◦. Open and closed dia-
monds represent the onset temperature of AFM order with
zigzag type TN determined by T - and H-dependences of κxx,
respectively. Below T ∼ JK/kB , the spin liquid (Kitaev para-
magnetic) state appears. At µ0H

∗
∥ ∼ 7T, TN vanishes (blue

arrow). A half-integer quantized plateau of 2D thermal Hall
conductance is observed in the red regime. Open blue squares
represent the fields at which the thermal Hall response dis-
appears. Red circle indicates a topological phase transition
point that separates the non-trivial QSL state with topolog-
ically protected chiral Majorana edge currents and a trivial
state, such as non-topological spin liquid or forced ferromag-
netic state.

netic (AFM) order with zigzag spin structure (Fig. 1c) at
TN ≈ 7K [22] due to non-Kitaev interactions, such as
Heisenberg exchange and off-diagonal interactions. Al-
though the thermal Hall conductance has been measured
in α-RuCl3, the quantization is not observed because the
low temperature properties of the liquid state is masked
by the AFM order [23].
The response of α-RuCl3 to magnetic fields is highly

anisotropic [8, 11, 12, 24, 25]. It has been reported that
while TN is little influenced by external magnetic field
perpendicular to the 2D plane, TN is dramatically sup-
pressed by the parallel field. This highly anisotropic re-
sponse is confirmed by the measurements of longitudinal
thermal conductivity κxx in magnetic field H applied
along various directions in the ac plane as shown in the
inset of Fig. 2a, where H∥ = H sin θ and H⊥ = H cos θ
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FIG. 2. Longitudinal thermal conductivity in α-
RuCl3. a, Temperature dependence of κxx in magnetic field
H applied along various directions in the ac plane. Inset il-
lustrates a schematic of the measurement setup for κxx and
κxy. b, κxx at θ=60◦ plotted as a function of parallel field
component H∥. Inset shows TN vs. H∥ at different field direc-
tions. TN is determined by the T -dependence of κxx shown
in Fig. 2a (open symbols) and by the minimum in the H-
dependence of κxx (filled symbols) shown by arrows in the
main panel. The crosses are TN for θ = 90◦ determined from
magnetic susceptibility measurements [27].

are the field component parallel and perpendicular to the
a axis, respectively, and θ is the angle between H and
the c axis. In zero field, κxx exhibits a distinct kink at
TN , as shown in Fig. 2a. While this kink is observed in
perpendicular field (θ = 0◦) of 12T at the same tem-
perature, no kink anomaly is observed in parallel field
(θ = 90◦) of 7T [11, 12]. In Fig. 2a, we also plot κxx

in applied magnetic field of 8T tilted away from the c
axis (θ = 60◦, H∥ ∼ 7T). Similar to the case of parallel
field, no kink anomaly is observed. Figure 1b displays
the phase diagram in tilted field of θ = 60◦, where TN is
plotted as a function of H∥. We determined TN by the
kink of T -dependence of κxx and by the minimum in the
H-dependence of κxx (see Fig. 2b and Extended Data
Figs. 1 and 2). The inset of Fig. 2b shows TN plotted as
a function of H∥ for θ = 45◦, 60◦ and 90◦. While TN for
θ = 60◦ well coincides with that for 90◦ and vanishes at
the same critical field of H∗

∥ ≈ 7T, TN for 45◦ vanishes
at around H∥ ≈ 6T. Although TN is not perfectly scaled
by H∥, these results demonstrate the quasi-2D nature of
the magnetic properties.
Above H∗

∥ where the AFM order melts, the presence
of a peculiar spin liquid state has been suggested by the
nuclear magnetic resonance (NMR) and neutron scatter-
ing measurements. The former reports the presence of
spin gap [26] and the latter reveals unusual continuous
spin excitations [27]. These magnetic properties are con-
sistent with those expected in a Kitaev-type spin liquid
state.
To study the thermal Hall effect in the spin liquid state

above H∗
∥ , κxy is measured by sweeping field in tilted di-

rections and obtained by anti-symmetrizing thermal re-

3

sponse with respect to the field direction. In this config-
uration, Hall response is determined by H⊥. Since the
magnitude of κxy is extremely small compared to κxx in
α-RuCl3, special care was taken to detect the intrinsic
thermal Hall signal [28]. The experimental error in de-
termining κxy caused by the uncertainty in measuring
the distance between the Hall contacts and the thickness
of the crystal is within ±2%. Figures 3a, b, and c depict
κxy/T at θ = 60◦ plotted as a function of H⊥ above H∗

∥
at low temperatures. Below 3.7K, the transverse thermal
gradient is hard to detect within our resolution.

In the AFM state, κxy/T is extremely small (see Ex-
tended Data Fig. 3). Upon entering the field-induced spin
liquid state, κxy/T , which is positive in sign, increases
rapidly. The most striking feature is that κxy/T attains
a plateau in the field range of 4.5T< µ0H⊥ <4.8-5.0T,
as displayed in Figs. 3a, b and c. The right axes repre-
sent κ2D

xy in units of quantum thermal Hall conductance
(π/6)(k2B/!)T , where κ

2D
xy = κxyd with the layer distance

d = 5.72 Å [22]. Remarkably, the plateau is very close to
the half of quantum thermal Hall conductance reported
in the integer quantum Hall system [17] within the error
of 3%, demonstrating the emergence of half-integer ther-
mal Hall conductance plateau. Above µ0H⊥ ≈ 5.0T,
κ2D
xy /T decreases rapidly and vanishes. At 4.3 and 4.9K,

slight increase of κ2D
xy /T is observed before the reduc-

tion, while it is absent at 3.7K. Although the plateau
behaviour seems to be preserved at 5.6K, κ2D

xy /T slightly
deviates from the quantized value. At higher tempera-
tures, the plateau behaviour disappears (Fig. 3d).

The temperature dependence of κxy/T at the magnetic
fields where the plateau is observed is shown in Fig. 4.
The half-integer thermal Hall conductance is observable
up to ∼5.5K, above which κxy/T increases rapidly with
T . As shown in the inset of Fig. 4, κxy/T decreases af-
ter reaching a maximum at around 15K and nearly van-
ishes above ∼ 60K (see Extended Data Fig. 4). In usual
Heisenberg systems, finite thermal Hall effect can appear
in spin-liquid states in the presence of Dzyaloshinsky-
Moriya interaction [29]. However, such an interaction in
α-RuCl3 is negligible as it is less than 5% of JK [30].
Moreover, the phonon thermal Hall conductivity is three
orders of magnitude smaller than the observed κxy/T in
the spin-liquid state and shows essentially different T -
dependence [31]. As the vanishing temperature of κxy/T
is close to Kitaev interaction, it is natural to consider that
the finite thermal Hall signal reflects unusual quasiparti-
cle excitations inherent to the spin liquid state governed
by the Kitaev interaction.

In Eq.(1), the coefficient q gives the chiral central
charge of the gapless boundary modes, which propagate
along one direction. Central charge represents a num-
ber of freedom of 1D gapless modes; it is unity for con-
ventional fermions, while it is 1/2 for Majorana fermions
whose degrees of freedom is half of conventional fermions.
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FIG. 3. Half-integer thermal Hall conductance
plateau. a-d, Thermal Hall conductivity κxy/T in tilted
field of θ = 60◦ plotted as a function of H⊥. The top axes
show the parallel field component H∥. The right scales rep-
resent the 2D thermal Hall conductance κ2D

xy /T in units of
(π/6)(k2

B/!). Violet dashed lines represent the half-integer
thermal Hall conductance, κ2D

xy /[T (π/6)(k
2
B/!)] = 1/2.

Integer quantum Hall system with the bulk Chern num-
ber ν has ν boundary modes with q = ν, while a Ki-
taev QSL with the Chern number ν has ν Majorana
boundary modes with q = ν/2. Thus the observed
half-integer thermal Hall conductance provides direct ev-
idence of the chiral Majorana edge currents. We also
note that the positive Hall sign is also consistent with
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The quantum Hall effect (QHE) in two-
dimensional (2D) electron gases, which is one of
the most striking phenomena in condensed mat-
ter physics, involves the topologically protected
dissipationless charge current flow along the edges
of the sample. Integer or fractional electrical
conductance are measured in units of e2/2π!,
which is associated with edge currents of electrons
or quasiparticles with fractional charges, respec-
tively. Here we discover a novel type of quantiza-
tion of the Hall effect in an insulating 2D quantum
magnet [1]. In α-RuCl3 with dominant Kitaev
interaction on 2D honeycomb lattice [2–7], the
application of a parallel magnetic field destroys
the long-range magnetic order, leading to a field-
induced quantum spin liquid (QSL) ground state
with massive entanglement of local spins [8–12].
In the low-temperature regime of the QSL state,
we report that the 2D thermal Hall conductance
κ2D
xy reaches a quantum plateau as a function of

applied magnetic field. That is, κ2D
xy /T attains a

quantization value of (π/12)(k2B/!), which is ex-
actly half of κ2D

xy /T in the integer QHE. This half-
integer thermal Hall conductance observed in a
bulk material is a direct signature of topologi-
cally protected chiral edge currents of charge neu-
tral Majorana fermions, particles that are their
own antiparticles, which possess half degrees of
freedom of conventional fermions [13–16]. These
signatures demonstrate the fractionalization of
spins into itinerant Majorana fermions and Z2

fluxes predicted in a Kitaev QSL [1, 3]. Above
a critical magnetic field, the quantization disap-
pears and κ2D

xy /T goes to zero rapidly, indicating
a topological quantum phase transition between
the states with and without chiral Majorana edge
modes. Emergent Majorana fermions in a quan-
tum magnet are expected to have a major impact
on strongly correlated topological quantum mat-
ter.
The topological states of matter are described in terms

of topological invariant quantities whose values are quan-
tized. The most popular quantity to prove these states
is the electrical Hall conductivity. In the quantum Hall
state, the Hall conductance σ2D

xy is quantized in units of
e2/2π! as σ2D

xy = q(e2/2π!), where q is integer in inte-

ger QHE and is fraction which, with very few exceptions,
has an odd denominator in fractional QHE. These quan-
tizations attest to topologically ordered states. Another
topological invariant in the topological phase is the 2D
thermal Hall conductance; thermal Hall conductivity per
2D sheet κ2D

xy is quantized in units of (π/6)(k2B/!)T as

κ2D
xy /T = q(π/6)(k2B/!). (1)

Although thermal Hall conductivity is much harder to
measure than electrical Hall conductivity, it has a clear
advantage in revealing the topological phases possessing
charge neutral excitations that cannot be detected by
the electrical Hall conductivity. In particular, q = 1/2
state with positive thermal Hall sign is a decisive mani-
festation of the charge neutral edge currents of Majorana
particles (Figs. 1a and 1b), distinguishing unambiguously
between the different candidate topological orders. We
note that a Majorana quantized phase characterized by
q = 1/2 has been predicted in chiral topological super-
conductors [13–15]. However, as the topological super-
conductivity in bulk materials have not been fully es-
tablished, previous experiments searching for Majorana
fermions have focused on the proximity effect between
conventional superconductors and nanowires or topolog-
ical materials [18–21]. Here we present a fundamentally
different approach to this issue and perform direct mea-
surements of the thermal Hall conductance in a bulk in-
sulating magnet.
The systems composed of interacting 1/2 spins on a

honeycomb lattice with bond-directional exchange inter-
actions JK are of vital interest, as they host QSL ground
states where topological excitations emerge [1]. This Ki-
taev QSL exhibits two types of fractionalized quasiparti-
cle excitations, i.e. itinerant (mobile) Majorana fermions
and Z2 fluxes with a gap. The Majorana fermion has a
massless (gapless) Dirac-type dispersion in zero field. In
magnetic fields, a novel Majorana fermion system, which
is characterized by the bulk gap and gapless edge modes,
is realized [1, 3], and the Z2 flux obeys anyonic statistics.
Recently, a strongly spin-orbit coupled Mott insula-

tor α-RuCl3 has emerged as a prime candidate for host-
ing an approximate Kitaev QSL. In this compound, local
jeff = 1/2 pseudospins are aligned in 2D honeycomb layer
and the Kitaev interaction JK/kB ∼ 80K is predominant
[5–7]. The system is in a spin-liquid (Kitaev paramag-
netic) state below ∼ JK/kB, and shows antiferromag-

also expected in time-reversal-symmetry-
broken topological superconductors 



Topological Magnons: an Outlook

• Range of topological band structures possible in magnon systems 

• Chern numbers can arise in spin-orbit coupled systems with 
symmetric or antisymmetric exchange 

• Interactions potentially important but magnetic field tuning offers 
way to render them negligible in certain systems 

• Thermal Hall effect is first set of experiments to explore
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