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dipole moment
polarization density 
= bulk property 

can be defined with 
periodic boundary condition?



Modern Theory of Polarization
by King-Smith and Vanderbilt, Resta et al. 
  initial motivation: how to discuss polarization 
in band theory with periodic boundary conditions



Polarization = Zak Phase
For 1D band insulators

hk(r)uk(r) = ✏kuk(r)
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Bloch theorem →  effective Hamiltonian

Well-defined modulo integer
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Haruki Watanabe & M. O.
arXiv:1802.00218



Is the Zak phase unique?
Two ways of Fourier transformation

R:  position of the unit cell

(I)

(II)



Two conventions
convention (I)
    natural from Fourier transform in free space

but                             is NOT periodic in the BZ
and thus uk is neither.  

Berry phase??

convention (II)
    satisfies the periodicity in the BZ
    but “twisted boundary condition” in the real space



Two (and More) Polarizations

Are they equivalent?
        No.

Then, which one is correct?



Going to Many-Body
change of wavevector ⇔ flux insertion
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Many-body polarization

?



Two Different Gauges

Gauge choice (I):  uniform gauge
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Gauge choice (II):  boundary gauge

equivalent to twisted b.c. in the real space

Hamiltonian (and state) not periodic in θ
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Two Many-Body Polarizations
Gauge choice (I):  uniform gauge

Gauge choice (II):  boundary gauge

They respectively correspond to Fourier transform
 conventions (I), (II) for band insulators    



What Do They Represent?
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Gauge choice (I):  uniform gauge

Gauge choice (I):  boundary gauge

J̃ =
dP̃
dt

⇠ j(0)
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averaged current

local current
  at the “seam”



Delta-Function Potential



Delta-Function Potential

Z T

0
J dt =

Z T

0
J̃ dt = Chern number = 1
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total current 

Polarization by Resta & Sorella

Ux is exactly identical to the LSM-twist or 
    the large gauge transformation operator! 
    (pointed out by Nakamura and Voit, 2002)

Ux = exp
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zx = hUxi = |zx|e2⇡iPx
Ix = e

dPx

dt

∝ “center of mass” 
 position of particles

Px ∝ polarization, defined modulo integer

Lx : length of system in x-direction



Resta-Sorella vs. Berry Phase

rigorously in d=1, perhaps in d=2



Applications to d=2

Generalization of the free electrons result by Dana-Avron-Zak 1985
(TKNN formula, Diophantine equation)

�̃xy�� ⇢̄ 2 Z

- Torus version of Laughlin’s gauge argument:  
  quantization of Hall conductance without edge state 
  (adiabatic process for gapped QH state)

- Periodic boundary condition enables 
           combination of Laughlin + LSM:

Yuan-Ming Lu, Ying Ran, M. O.   arXiv:1705.09298



Square lattice with π-flux

Free fermion dispersion: 
               “gapless Dirac points” at half-filling



Square lattice with π-flux

2 sites / unit cell

half-filled:
   1/2 particle / site
   1  particle / unit cell

NO constraint from  
    LSM theorem!



Square lattice with π-flux

�̃xy�� ⇢̄ 2 Z

⇢̄ =
1

2
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�̃xy = odd integer
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6= 0
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Time Reversal invariance must be  
   (spontaneously) broken! ⇒ ground-state degeneracy



Resta-Sorella criterion:

hUxi ! z 6= 0

insulator (polarization is well-defined)

hUxi ! 0

conductor  (polarization is ill-defined)

[in the thermodynamic limit]



thanks to Gil-Young Cho (POSTECH)



How “good” is the conductor?

hUxi ! 0

conductor  (polarization is ill-defined)

But how “fast”?  Perhaps scaling of 
the many-body polarization…

hUxi ⇠
✓
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1D XXZ chain (and its variants)
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can be regarded as an interacting spinless boson (or fermion) 
system

gapless Tomonaga-Luttinger Liquid for �1 < �  1



Caveat

Lattice translation / crystal momentum

UxTx = TxUxe
2⇡i⌫

Ux| 0i has the crystal momentum different by π 
    from the original ground state

h 0|Ux| 0i = 0

⌫ = S �m =
1

2

So, let us use h 0| (Ux)
q | 0i instead

Aligia-Ortiz 1999
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� = 4K � 2 ?



XY chain = free fermion point
h 0| (Ux)

q | 0i = 0 for free fermions

What makes it non-zero for interacting systems?

Umklapp scattering? 

We can make the leading Umklapp vanishing 
        by tuning J2!
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Indeed, it vanishes faster in the absence of the 
leading Umklapp….
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� = 4K ?
� = 4K � 2(cf.                            in XXZ)



Haldane-Shastry model
interaction: exact Jastrow-type groundstate

“ideal” realization of CFT:  all the Umklapp vanish? 
    ⇒  expectation value should vanish very quickly 
            if it is not exactly zero???

1/r2
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� = 4K � 1 ??? (cf.                            in XXZ 
                              in J1-J2)

� = 4K � 2
� = 4K



Exact Result for H-S model

h 0| (Ux)
2 | 0i =

1

L� 1

h 0| (Ux)
2n | 0i =

(2n� 1)!!(L� 2n� 1)!!

(L� 1)!!

at SU(2) point:

(by combinatorics)



Finite-size scaling of MBP amplitude

‣ Confirmed power-law scaling in XXZ chain 
                     (and its generalizations) 

‣ However, the exponent seems “non-universal” 
   (different for XXZ, J1-J2, Haldane-Shastry) 

‣ No field theory understanding?? 
‣ Non-universal nature is related to the 

       quantum quench? (sudden flux insertion) 
‣ Modified quantity might show 

            more universal behavior??


