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Polarization density

From Wikipedia, the free encyclopedia

In classical electromagnetism, polarization
density (or electric polarization, or simply
polarization) is the vector field that expresses
the density of permanent or induced electric
dipole moments in a dielectric material. When

polarization density
= bulk property

- N
- dipole moment

+ + + + +

can be defined with
periodic boundary condition?
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Modern Theory of Polarization

by King-Smith and Vanderbilt, Resta et al.
initial motivation: how to discuss polarization
iIn band theory with periodic boundary conditions
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Macroscopic polarization in crystalline dielectrics:
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The macroscopic electric polarization of a crystal is often defined as the dipole of a unit cell. In
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Polarization = Zak Phase

For |D band insulators
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Bloch theorem — effective Hamiltonian

hi(r)uk(r) = egur(r)
pBloch / / dr iug ()" Opug(r).

Well-defined modulo integer



Haruki VWatanabe & M. O.
arXiv:1802.00218
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Is the Zak phase unique?

Two ways of Fourier transformation
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Two conventions

convention ()
natural from Fourier transform in free space

but ., ==C*%" 4y, is NOT periodic in the BZ

2m

and thus Uk is neither.

y L

gy 2= (r) = e 2" Fy(r)

Berry phase??

ikr

ik(r) = e ug(r)

convention (Il)
satisfies the periodicity in the BZ
but “twisted boundary condition” in the real space

ik (r+a) = e (r).
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Two (and More) Polarizations

Are they equivalent?
No.

Then, which one is correct?



" B
Going to Many-Body

change of wavevector < flux insertion

0

Many-body polarization
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Two Different Gauges

Gauge choice (I): uniform gauge

A = 0 H —/LdngcJr —i(ﬁ —I—ig)Q%—V c
x—z 0 — . x 29m x T x| Cx

Hamiltonian (and state) not periodic in O

Gauge choice (Il): boundary gauge
Ay = 925(x—nL)

nez
equivalent to twisted b.c. in the real space
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Two Many-Body Polarizations
Gauge choice (l): uniform gauge
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Gauge choice (ll): boundary gauge

27

P — / 90 (|0 Dy). P =P+ P,, T’oz/ 20 (®g| P|®y).
JO

P

L
Il / drrh,, N = élér

They respectively correspond to Fourier transform
conventions (l), () for band insulators
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What Do They Represent?
Gauge choice (l): uniform gauge

ap 1 [*
J T /o r j(x) averaged current

Gauge choice (l): boundary gauge

T = ar 7(0) local current

at at the “‘seam’
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Delta-Function Potential
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Delta-Function Potential,

-05

T T
/ T dt = / 7 dt = Chern number = 1
0 0



Polarization by Resta & Sorella

« ‘center of mass”

D70« ™ position of particles
U =exp | — E TNz
LCE —
- J

_ — total current
L. :length of system in x-direction 4P
xXr

| I, =
2e = (Uy) = |z |e*™ 7= "t

P, « polarization, defined modulo integer

Ux is exactly identical to the LSM-twist or
the large gauge transformation operator!
(pointed out by Nakamura and Voit, 2002)



" B
Resta-Sorella vs. Berry Phase

Pr = 2= ImIn(®|e>™F|®),
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rigorously in d=1, perhaps in d=2
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Applications to d=2

Yuan-Ming Lu,Ying Ran, M. O. arXiv:1705.09298

- Torus version of Laughlin’s gauge argument:
quantization of Hall conductance without edge state
(adiabatic process for gapped QH state)

- Periodic boundary condition enables
combination of Laughlin + LSM:

5wy¢_ﬁEZ

Generalization of the free electrons result by Dana-Avron-Zak 985
(TKNN formula, Diophantine equation)
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Square lattice with 1-flux

@) ®

Free fermion dispersion:
“gapless Dirac points” at half-filling



" B
Square lattice with 1-flux
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half-filled:

|/2 particle / site
| particle / unit cell

NO constraint from
LSM theorem!
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Square lattice with 1-flux
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Time Reversal invariance must be
(spontaneously) broken! = ground-state degeneracy



Why are insulators

111 11

e

€ Fig, 1: Schematic view of
insulators and metals in
classical physics.Top sketch:

11111 ST ! 4
ORI GRS

Lorentz model for insulators,
where each electron is tied
(by an harmonic force) to a

al kel
insulating and metals

| o | particular center. Bottom
cond UCtlng ? | sketch: Drude model for

‘ metals, where electrons roam !
| freely over macroscopic '

*—  +— |  distances hindered only by
-— ' atomic scattering potentials. |

Raffaele Resta, University of Trieste, Italy

1 ~— >3 !

Resta-Sorella criterion: || .. — |
Uz) = 2#0
insulator (polarization is well-defined)

(Uz) — 0
conductor (polarization is ill-defined)

[in the thermodynamic limit]
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Scaling of the polarization amplitude in quantum many-body systems in one dimension

Ryohei Kobayashi,” Yuya O. Nakagawa, Yoshiki Fukusumi, and Masaki Oshikawa
Institute for Solid State Physics, The University of Tokyo and Kashiwa, Chiba 277-8581, Japan

M (Received 20 February 2018; published 20 April 2018)

p—

thanks to Gil-Young Cho (POSTECH)




" B
How “good” is the conductor?

conductor (polarization is ill-defined)
(Ugz) — 0

But how “fast™? Perhaps scaling of
the many-body polarization...



1D XXZ chain (and its variants)
H le (S§S5,, +SYSY, | +AS;S7,,)
+12 ) (578740 + 818, + AS;S] o)

can be regarded as an interacting spinless boson (or fermion)
system

gapless Tomonaga-Luttinger Liquid for ——1 < A < 1



Caveat
ng — 62Px Lattice translation / crystal momentum
. 1
U, T, =T,U,e*™ v=5—m= 5

[/ |\IJO> has the crystal momentum different by 1
v from the original ground state

(Wo|Uy| W) =0
So, let us use <\Ifo| (Ux)q |\Ifo> instead

Aligia-Ortiz 1999



p=2, XXZ, numerical fitting
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p=2, XXZ, exponent by numerical fit

® fit result
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XY chain = free fermion point

(Wo| (Uy)? |Tp) =0  for free fermions

What makes it non-zero for interacting systems?

Umklapp scattering?

We can make the leading Umklapp vanishing
by tuning J2!



p=2, J; J, XXZ model, numerical fitting

Indeed, it vanishes faster in the absence of the
leading Umklapp....

29



exponent by numerical fit

O 2 N W S U N

p=2, J;-J, XXZ chain, Gaussian fixed point
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(cf. B =4K — 2 in XX2)
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Haldane-Shastry model

1 / 2 interaction: exact Jastrow-type groundstate

_ L(L-1)

T —— 1
\IIG(Il, .= ,;l.’,]w) — H Z; 1K H(:z — 3]) K

i i<j

“ideal” realization of CFT: all the Umklapp vanish?
= expectation value should vanish very quickly

iIf it is not exactly zero???



2, Jastrow, numerical fitting
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9 p=2, Jastrow, exponent by numerical fit
® fit result ’,”.
8 --- 1K1 -
,/ o
7t ,/0
6} ,";.
, 9
5t <"
A
4 o
@
3' .‘/.
2' ’/’
y
1t »
»
8 ) A . . : :
.0 0.5 1.0 1.5 2.0 2.5

b=4K —1 7?7  (¢f B=4K —2 inXXz
5 — 4K N J1'J2)

33



"
Exact Result for H-S model

at SU(2) point:
1

(Wo| (Uz)” [Wo) = ——

(o (U,)2" [Wg) = 2= DHE =20 = DI

(L — 1)1

(by combinatorics)
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Finite-size scaling of MBP amplitude

Confirmed power-law scaling in XXZ chain
(and its generalizations)
However, the exponent seems “non-universal’
(different for XXZ, Ji-J2, Haldane-Shastry)

No field theory understanding??
Non-universal nature is related to the

quantum quench? (sudden flux insertion)
Modified quantity might show

more universal behavior??



